X-ray free-electron lasers have had an enormous impact on x-ray science by achieving femtosecond pulses with unprecedented intensities. However, present-day facilities have a number of shortcomings, namely, their radiation has a chaotic pulse profile and short coherence times. We put forward a scheme for a neon-based atomic inner-shell x-ray laser (XRL) which produces temporally and spatially coherent, sub-femtosecond pulses that are controlled by and synchronized to an optical laser with femtosecond precision. We envision that such an XRL will allow for numerous applications such as nuclear quantum optics and the study of ultrafast quantum dynamics of atoms, molecules, and condensed matter.
X-ray free-electron lasers have had an enormous impact on x-ray science by achieving femtosecond pulses with unprecedented intensities. However, present-day facilities have a number of shortcomings, namely, their radiation has a chaotic pulse profile and short coherence times. We put forward a scheme for a neon-based atomic inner-shell x-ray laser (XRL) which produces temporally and spatially coherent, sub-femtosecond pulses that are controlled by and synchronized to an optical laser with femtosecond precision. We envision that such an XRL will allow for numerous applications such as nuclear quantum optics and the study of ultrafast quantum dynamics of atoms, molecules, and condensed matter. An x-ray laser (XRL) is an old goal of laser physics [1] [2] [3] . Extending the superior coherence, intensity and controlled pulse properties of lasers to the x-ray regime has the potential to revolutionize x-ray science by bringing unprecedented intensities, temporal and spatial control of beam properties, and ultrashort pulses to the x-ray scientist. A solution of this problem renders XRLs suitable for numerous applications from ionic and nuclear quantum optics [4, 5] to high-energy and astrophysics [6, 7] and it offers perspectives for the measurement and control of quantum dynamics of matter on an ultrafast time scale [8, 9] . X-ray free-electron-lasers (FELs) [10, 11] such as the Linac Coherent Light Source (LCLS) [12, 13] have reached several of the goals laid out for XRLs, namely, ultraintense, tunable, femtosecond x-ray pulses. However, present-day x-ray FELs operate by the principle of self-amplified spontaneous emission (SASE) [12] [13] [14] [15] [16] and thus suffer from a number of shortcomings compared with optical lasers. Specifically, they lack controllability of the pulse properties, spectral narrowness, and photon energy stability [12, 13] . Furthermore, there is a jitter between SASE radiation and an optical laser which can only be determined with a several tens of femtoseconds precision [17] .
Lasing schemes from the optical regime cannot be transferred simply to the x-ray regime due to the unfavorable scaling of the cross section for stimulated emission [1] , the lack of high-reflectivity mirrors for x rays [2] , and the short duration of population inversion caused by inner-shell decay [18] . Lasing in the xuv and soft x-ray regime has been accomplished with plasma-based XRLs via collisional or recombinational pumping [2, 3] . However, these techniques have not yet reached beyond the water window starting at 276.2 eV.
A different scheme for x-ray lasing in the kiloelectronvolt regime was proposed by Duguay and Rentzepis in 1967 [19] based on atomic inner-shell transitions in core-ionized atoms. Our modified Duguay-and-Renzepis scheme where the atoms are core excited is illustrated in Fig. 1 . An intense x-ray beam is focused into a gas cell with atoms. At a given photon energy above the inner-shell edge, tightly bound inner-shell electrons are much more likely to interact with x rays than electrons in other shells [18] . First, atoms are core-excited producing a state of population inversion in the propagation direction of the x-ray pulse [19] . Second, photons are emitted through spontaneous radiative decay of some of the core-excited atoms. Third, these photons propagate along the medium and induce stimulated x-ray emission from other core-excited ions further downstream in straight conceptual analogy to optical lasers [1] . Due to longitudinal pumping, x-ray lasing only occurs in the propagation direction of the pump pulse [20] [21] [22] . Until recently it was not possible to realize such an XRL due to the high x-ray intensity [23, 24] necessary to excite the lasing medium faster than inner-shell holes decay. The advent of xuv and x-ray FELs has reinvigorated interest in this scheme producing a number of theoretical studies [20] [21] [22] 25] and the experimental realization for neon in 2011 at LCLS [26] . Although this simple, uncontrolled XRL scheme produces pulses with a single, fully coherent intensity spike, it still suffers from a number of shortcomings: the pulse properties strongly depend on the temporal shape of the pump pulse and multicolor lasing may occur [20] [21] [22] due to x-ray lasing on transitions in highly charged ions. Multiple, simultaneous, uncontrolled pulses may lead to complications in experiments harnessing the XRL light.
We put forward an XRL scheme for neon that is controlled by optical light [ Fig. 1 ]. The x-ray FEL photon energy ω P = 868.2 eV is tuned below the K edge slightly above the 1s → 1s −1 3p resonance, as indicated by the dashed, green line in the x-ray absorption cross section in Fig. 2 . For the FEL x rays, the core excitation is off-resonant and thus inefficient [ Fig. 2a] , if the bandwidth of the FEL x rays is limited sufficiently, e.g., by self-seeding techniques [28] . X-ray lasing occurs on the superposition of 1s −1 2p 3p → 1s 2p −1 3p and 1s −1 2p 4p → 1s 2p −1 4p transitions leading to a two-peak feature around 849 eV for highly monochromatized x rays [29] . We assume a FWHM bandwidth of the FEL x rays of ∆ω P = 0.4 eV which causes a broadened x-ray emission feature. A copropagating optical laser modulates the x-ray absorption cross section σ 1s (I L , ω) [27, [30] [31] [32] [33] [34] [35] as shown in Fig. 2 which thus becomes dependent on the optical laser intensity I L . At ω P , the σ 1s (I L , ω) is increased more than sixfold from 86 to 510 kilobarns when I L is increased from zero to 10 13 W/cm 2 at 800 nm wavelength which allows a high degree of control over the absorption of the FEL x rays and thus the population inversion. Also, the optical laser rapidly ionizes Rydberg electrons such as the 3p electron via multiphoton processes leading to a large induced width for Rydberg electrons of approximately 0.54 eV [27] and a mixture of core-excited and core-ionized atoms is found in the gas cell. For coreionized neon atoms, the x-ray emission spectrum [36] peaks at ω X = 848.66 eV which is within the linewidth of the emission from core-excited states [29] . Therefore, we need not distinguish between core-excited [29] and core-ionized [36] neon atoms. The lifetime of the upper state is only minutely influenced by the presence of a Rydberg electron [37] and is τ A = 2.4 fs implying an XRL linewidth from core-ionized atoms of ∆ω = 0.27 eV [38] . Furthermore, optical laser ionization, Auger decay, and the very short coherence time of SASE x rays cause strong decoherence making semiclassical laser theory [1] applicable to understand the effect of optical laser dressing on x-ray lasing.
The small-signal gain (SSG) [1, [20] [21] [22] represents the amplification of spontaneously emitted x rays on the XRL transition in the exponential gain regime:
where N U (t) is the upper-level occupancy, N L (t) is the lower-level occupancy, and σ se and σ abs are the stimulated emission and absorption cross sections, respectively, with
where A U→L = 5.9 × 10 12 s −1 is the Einstein coefficient for spontaneous emission on the XRL transition, and g U = 6 and g L = 1 are the probabilistic weights of the upper and lower laser levels, respectively, in our case. The cross sections in Eq. (2) have been evaluated at the peak of the line, assuming a Lorentzian line shape [20] [21] [22] .
We generate SASE x-ray FEL pulses with the partialcoherence method [39] [40] [41] with a Gaussian spectrum centered at ω P with FWHM of ∆ω P = 0.4 eV. The x-ray FEL beam is assumed Gaussian with a waist of w 0 = 10 µm [12, 13] . We place the neon atoms in a gas cell around the beam waist with a length of L = 5 mm. In Fig. 3a , we show optical laser pulses [42] at three different positions with respect to a single SASE x-ray FEL pulse; in Fig. 3b we display the SSG for pumping with this SASE pulse with and without optical laser dressing for each of the three positions. A pronounced modulation of the SSG occurs only for the dashed, red optical laser pulse. The SSG is modified substantially only if the optical laser pulse overlaps with the rising flank of the x-ray FEL pulse. Otherwise, the K-shell absorption cross section is modified either too early-before the x rays from the FEL interact with the atoms-or too late, after a substantial fraction of the atoms has already been destroyed, i.e., excited or ionized.
As the shape of the x-ray pulse from a SASE FEL varies on a shot-to-shot basis [15, 16] , we present SSG results averaged over 500 single-shot calculations in Fig. 3b for the three positions of the optical dressing laser. The average SASE pulse over 500 shots is shown in Fig. 3a . The importance of the relative timing between the x-ray FEL pulse and the optical laser pulse is also reflected in the averaged calculations. The average SSG increases from 0.16 a The solid, black line shows the single-shot SSG in the field-free case when the XRL is pumped with the single, dashed, black SASE pulse from (a) which has a FWHM duration of 7.3 fs; the solid, red, blue, and green lines show the single-shot SSG for laser dressing with the optical laser pulse of matching color from (a). The average of the SSG over 500 SASE pulses for the field-free case is given by the dashed, black line and for optical laser dressing by the dashed, red, blue, and green lines.
in Fig. 3b that some temporal control over the XRL is possible. The peak of the averaged SSG is shifted in the direction of the optical dressing laser for each of the three cases. The modulation of the SSG results from the increase of the K-shell absorption cross section by optical laser dressing as seen in Fig. 2 , and the rate at which the upper level population and the population inversion are built up. However, the optical laser does not affect processes that destroy the population inversion, namely, the decay rates of the upper level and the rate of valence ionization which also reduce the occupancy of the upper level. Therefore, optical laser dressing allows for the build-up of a larger population inversion than in the field-free case.
Based on the analysis of the SSG it seems feasible to control the XRL with a copropagating optical laser. In order to find out its impact we need to determine the output of the XRL based on single-shot calculations of the XRL intensity I X (z, t). To determine the occupancy of the upper lasing level N U (z, t) at position z as a function of time t, we need to consider all processes that build up or remove population, namely, photoexcitation and valence ionization by the x-ray FEL pulse, spontaneous and stimulated emission, and Auger decay. Different frequency components of the x-ray FEL pulse excite the atoms at varying rates due to the strong variation of σ 1s (I L , ω) around the x-ray FEL central frequency ω P , see Fig. 2 . Therefore, to obtain the photoexcitation rate, one needs to calculate the convolution of the absorption cross section σ 1s (I L , ω) and the spectral intensity S P (z, ω) [43] of the x-ray FEL pulse. The rate equation for N U (z, t) is given by dNU(z,t) dt
where N S (z, t) is the population of the neon ground state, Γ A = 3.8 × 10 14 s −1 is the Auger decay rate of the upper lasing level, and σ tot U = 32.8 kilobarn [44, 45] is the total absorption cross section of the upper lasing level for x rays from the FEL. The first line on the right-hand side of Eq. (3) represents the rate at which the upper level is populated via photoexcitation. We specify the x-ray FEL photon flux by
The first term in the second line of the right-hand side accounts for transitions due to stimulated emission induced by the XRL light from the upper to the lower lasing state and the second term describes the absorption of XRL light by atoms in the lower lasing state promoting them to the upper state. The bottom line of Eq. (3) describes the processes that remove population from the upper level, namely spontaneous emission, Auger decay, and valence ionization by the x rays of the FEL. The occupancy N S (z, t) of the ground state and the occupancy N L (z, t) of the lower lasing state are determined analogously by rate equations [46] .
Depending on the occupancy of the upper and lower states of the XRL, light is either attenuated or amplified in the medium. The XRL intensity is coupled to the occupancies by dIX(z,t) dt
where c is the speed of light in vacuum and n # is the atomic number density. Only photons emitted into Ω(z) = 2 π 1 − (L − z)/ w 2 0 + (L − z) 2 contribute to x-ray lasing [20] [21] [22] . The first line on the right-hand side of Eq. (4) describes stimulated emission and absorption of light from the XRL pulse. The first term in the last line of Eq. (4) is the rate of spontaneous emission which initiates x-ray lasing in the forward direction whereas the second term represents the propagation of the XRL x rays.
We apply Eqs. (3) and (4) to our XRL and calculate I X (z, t) in dependence of the propagation distance in the gas cell for n # = 10 19 cm −3 . The temporal profile of the XRL pulse for laser dressing with the dashed, red optical laser pulse is shown in Fig. 4 . The small peak at the front of the XRL pulse is ascribed to emission processes from a small population inversion caused by the small peak in the x-ray FEL pulse found at approximately 15 fs in Fig. 3a . The comparison of the solid and dot-dashed lines reveals that optical laser dressing leads to an increase by about six orders of magnitude in the XRL's peak intensity. Since the XRL's intensity is correlated with the SSG, which in turn depends on the K-shell absorption cross section, it is possible to control the XRL's intensity via the peak intensity of the optical dressing laser, which determines the magnitude of the change in the absorption cross section.
The FWHM duration of the XRL pulse from the FELx rays-only case in Fig. 4 is compressed from 2.0 fs down to 0.7 fs when the dashed, red optical laser pulse is used. The reason for the compression of the pulse is that optical laser dressing facilitates a faster build-up of population inversion resulting in its reduced temporal length. All XRL photons are emitted within a shorter time period; the photons from the first and last emission process are closer to each other. Furthermore, it is seen in Fig. 4 that the output of the optically laser-dressed XRL is synchronized to the optical laser pulse with an accuracy of less than 5 fs.
In conclusion, the XRL scheme presented here allows one to produce controlled, fully coherent, single peak x-ray pulses with intensities above 10 16 W/cm 2 that are synchronized to an optical laser pulse with femtosecond accuracy. It thus opens up perspectives for two-color pump-probe experiments. The optically controlled XRL offers a novel way to measure the time jitter between SASE radiation and an optical laser at present-day facilities. Namely, by placing a filter behind the gas cell that absorbs an intensity of up to 10 11 W/cm 2 , the output of the FEL x-ray-only XRL can be entirely absorbed. Then, XRL output is only generated when the optical laser pulse overlaps with the front of the x-ray FEL pulse. This allows to determine the overlap between x rays and the optical laser with femtosecond precision. Multicolor x-ray lasing on several transitions, as predicted for a coreionization-pumped XRL [20] [21] [22] may not occur because the x-ray FEL photon energy is too low to core-ionize neon cations. Above all, the optically controlled XRL facilitates to imprint the transverse intensity profile of the optical laser pulse onto the XRL pulse.
